This paper describes an effort to model mechanical strength of closed-cell polyvinyl chloride foams under static loading. The study presented here is a continuation of an earlier study to model elastic stiffness of closed-cell polyvinyl chloride foams as effective transversely isotropic materials. An engineering approach is used in the study and governing equations are developed for predicting the strength of polyvinyl chloride foams. To account for foam microstructure and cell-shape anisotropy on foam strength, a unit cell representation of the polyvinyl chloride foam microstructure is used to derive equations to assess tensile and shear strengths of polyvinyl chloride foams. The differential stretching of polyvinyl chloride foam cell walls (in the rise direction and in the in-plane directions) on the strength of the foam-matrix polymer is also taken into account in modeling the mechanical strength of polyvinyl chloride closed-cell foams. The behavior of closed-cell polyvinyl chloride foams under compression is different from that under tension. In the paper, the equations for predicting compressive strength of closed-cell polyvinyl chloride foams are based on an approximate theory developed in an earlier study of compressive strength of unidirectional composites. The validity of the foam strength predictive equations, derived in the paper, is first demonstrated through comparison of the predictions with the results on Divinycell H (DIAB) foams obtained from a systematic in-house test program. A comparison is also carried out between the strength predictions and the test results published by two polyvinyl chloride foam manufacturers for different density polyvinyl chloride foams. Good agreements are found for all the different density foams studied.
Introduction
Light-weight polymeric foams are used for a wide range of applications in automotive, aerospace, marine, construction, packaging, and wind energy industries. In addition to light-weight, high impact energy absorption, good thermal insulation, and effective acoustic/ vibration isolation are some other attractive properties of the polymeric foams. In composite sandwich constructions, polymeric foams are frequently used as core materials to lower the weight of a sandwich structure. Foam core mechanical properties (stiffness and strength) are important in design considerations for sandwich constructions as they could significantly affect the overall performance and reliability of a sandwich structure. For example, closed-cell polyvinyl chloride (PVC) foams 1 have been used extensively as core materials for composite sandwich skins of large wind turbine rotor blades. The influence of foam mechanical properties on structural integrity of large wind turbine rotor blades have been studied and reported. 2 The mechanical behavior of light-weight closed-cell polymeric foams has been studied extensively in recent years. A widely known reference on the subject is the work by Gibson and Ashby. 3 Foam core mechanical properties usually depend on a number of factors, including foam density, cell microstructure (cell size and geometry), and properties of the foam-matrix polymer. Although properties of the foam-matrix polymer are mainly dependent on the foam base (parent) polymer, they are also affected by other factors such as foam processing conditions. With the large number of material, microstructure and processing parameters that influence foam properties, detailed modeling the mechanical behavior of light-weight polymeric foams could be quite involved, especially their anisotropic failure strength properties. 4, 5 This paper describes an effort to model the mechanical strength of closed-cell PVC foams under static loading. The study presented here is a continuation of an earlier effort to model elastic stiffness and strength of closed-cell PVC foams. 6, 7 PVC foam test results (developed in-house and available in the literature) indicate that mechanical behavior of closed-cell PVC foams is transversely isotropic with properties in the foam thickness direction (i.e. foam rise direction) different from those in the in-plane (plane of isotropy) directions. [8] [9] [10] [11] Hence, the transversely isotropic behavior is considered in modeling the mechanical strength of closed-cell PVC foams. An engineering approach is taken to derive governing equations for predicting tensile, compressive, and shear strengths of PVC foams with the objective of minimizing the number of needed material and microstructure input parameters. This is in contrast with the recent research which focuses on employing numerical methods, such as the finite element method, to predict foam strength and stiffness. [12] [13] [14] [15] Complex foam models (for examples, the Kevin cell model and Voronoi foam model) that require detailed information on foam microstructure characteristics are often used to numerically model the anisotropic behavior of PVC foam. [13] [14] [15] From the observed foam behavior under compression, 8 strength equations are derived for predicting in-plane and out-of-plane compressive failure of closed-cell PVC foams, based on an approximate theory developed in an earlier study of compressive strength of unidirectional composites. 16 In deriving the equations for tensile and shear strengths of closed-cell PVC foams, the influence of microstructure on foam strength is taken into account by using a unit cell representation for the PVC foam. The effect of foam processing (i.e. differential stretching of PVC foam cell walls in rise and in-plane directions) on strength of the foam-matrix polymer is also taken into account in the mechanical strength modeling. The validity of the predictive theories developed in the paper for predicting tensile, compressive and shear strengths of closed-cell PVC foams is demonstrated through comparison of the strength predictions with the test results obtained in a systematic in-house test program 8 on PVC foams. 1 Good agreement is obtained between the test results and the predicted strengths, in both in-plane and out-of-plane directions (foam rise direction). A comparison is also made between the strength predictions for foams with a wide range of density and the published test data from two PVC foam manufacturers. 1, 17 Good agreements are found for all the cases studied, which support the effectiveness of the equations derived in this paper for assessing the strength of closed-cell PVC foams.
Microstructure of closed-cell PVC foams
Closed-cell PVC foams are usually available in the form of thin rectangular blocks (Figure 1) . Thickness of the rectangular foam block is generally small in comparison with its planar dimensions. In Figure 1 , the 3-axis denotes the foam block thickness direction, which is also referred to as the foam rise direction. The 1 and 2 axes lie in the plane of the foam block. The available test results on PVC foams indicate that mechanical behavior of closed-cell PVC foams is transversely isotropic and the 1-2 plane is a plane of isotropy. [8] [9] [10] [11] Microstructure of PVC foams in the 1-2 plane (plane of isotropy) is different from that in the transverse planes (or planes parallel to the foam rise direction). The difference in foam microstructure in the 1-2 plane and the transverse plane is expected to affect foam mechanical strength and will need to be taken into account in modeling the strength of closed-cell PVC foams. Figure 2 shows, for example, the detailed microstructure of DIAB H80 foam. 8 The foam microstructure in the 1-2 plane normal to the foam rise direction (the 3-direction) is shown in Figure 2 8, 18, 19 show that mechanical strengths of PVC foams in the transverse planes (1-3 and 2-3 planes) are essentially identical and are different from those in the 1-2 plane. In this paper, the ratio of the average number of foam cells per unit length in the planar (1-2 plane) directions to that in the foam rise direction is defined as the foam cell rise ratio (). In modeling the strength of PVC foams, attempts will be made to relate the transversely isotropic behavior of the PVC foams to the foam cell-shape anisotropy through the use of the foam cell rise ratio.
Compressive strength prediction for closed-cell PVC foams
It has been observed 8 that under uniaxial compressive load, failure of PVC foams occurs as a localized band, oriented nearly normal to the loading direction. When the maximum foam compressive stress (strength) is reached, a narrow macroscopic band of local bulging is formed across the width of the compressed foam test sample, as shown, for example, in Figure 3 . Crimped and collapsed foam cells are found within the band.
The forming of the localized band in compressed closed-cell PVC foams closely resembles the microbuckling behavior of unidirectional fiber composites under compression. In view of the aligned microstructure of both materials, the approximate microbuckling theory developed by Lo 
where E 11 , E 33 , G 23 , and G 12 are the PVC effective foam stiffnesses and is a compressive strength parameter. 16 As in the case of unidirectional fiber composites, the value of is determined through correlation with available test results on foam compressive strength. In this paper, two values of (6 and 7) are used to validate the predicted compressive strengths with the available test results. The foam stiffnesses (E 11 , E 33 , G 23 , and G 12 ) in equations (1) and (2), needed for the strength predictions, can be obtained either directly from test or through analytical solutions. In this paper, they are determined using the expressions obtained from an earlier study The cell is (closed-end) thin-wall rectangular parallelepiped with wall thickness t and a square cross-section in the 1-2 plane (plane of isotropy). The aspect ratio of the rectangular parallelepiped is taken to be the foam cell rise ratio (). The representative cell is used to account for the average effect of foam microstructure and cell-shape anisotropy on the transversely isotropic behavior observed in closed-cell PVC foams.
For light-weight PVC foams, an approximate expression for m in terms of the foam cell rise ratio () is given below
To obtain an accurate m (especially for a large value of C), the expression given in Appendix 1 should be used.
Comparison of compressive strength predictions with test data on PVC foams
The validity of equations (1) to (7) for predicting closed-cell PVC foam compressive strengths is evaluated through comparison of strength predictions with test results on PVC foams. Typical compression stressstrain curves of closed-cell PVC foams are shown in Figure 5 (for DIAB H80 foam, for example). Note that the foam compressive strengths (in both in-plane and foam rise directions) are defined as the maximum compressive stresses that can be sustained by closed-cell PVC foams during compression as shown in the figure. In general, PVC foams can carry higher compressive loads in the foam rise direction than that in the inplane directions.
In Table 1 , the predicted foam compressive strengths of DIAB H80 foam are compared with the test results obtained in a systematic in-house test program. 8 Also shown in the Table are the H80 foam compressive test data reported by DIAB. 1 The measured average density ( f ) of H80 foam in the in-house test samples is 78.9 kg/m 3 and the average foam cell rise ratio () is 1.27. 19 The Young's modulus, density, Poisson's ratio, and tensile strength of the foam-matrix base polymer used for foam strength predictions are 2700 MPa, 1400 kg/m 3 , 0.35, and 55 MPa, respectively. Good correlations between strength predictions and test results are observed, for the compressive strengths in both inplane and out-of-plane directions. For the DIAB H80 foam, a better agreement between the predicted compressive strength in the foam rise direction ( S (3) to (7)) used for predicting the compressive strength of DIAB H80 foam are also shown in Table 1 . Good correlations between stiffness predictions and test results are also observed.). Note that the in-plane properties of DIAB H80 foam are not reported by the foam manufacturer. Besides the H80 foam, comparison between the compressive strength predictions using equations (1) to (7) with the test results reported by two PVC foam manufacturers 1,17 is also carried out for other closed-cell PVC foams. In Figure 6 , the predicted compressive strengths (in the foam rise direction) of PVC foams with different densities are compared with the compressive strength test results. 1, 17 The properties of the PVC foam-matrix base polymer are assumed the same for all the different density foams and are equal to the foam-matrix base polymer properties used in predicting the stiffness and strength of DIAB H80 foam. A nominal foam cell rise ratio of 1.25 (similar to the measured foam cell rise ratio of DIAB H80 foam) is used for all the different density foams. Good agreement is observed between the predicted compressive strengths and the test results. For foams with density up to 150 kg/m 3 , a value of ¼ 7 seems to provide reasonable foam rise-direction compressive strength predictions. For foams with density greater than 150 kg/m 3 , better correlation between predictions and test results is obtained with ¼ 6.
Equations (1) to (7) indicate that both foam density and foam cell rise ratio will affect the foam risedirection compressive strength. In general, foam cell rise ratio is expected to vary with foam density and its exact value will require experimental determination. To illustrate the effect of foam cell rise ratio on the foam rise direction compressive strength, a higher foam cell rise ratio of 1.35 is used to predict the PVC foam compressive strength (Figure 7) . Comparing the results shown in Figures 6 and 7 , a higher foam cell rise ratio is seen to lead to a higher predicted PVC foam rise-direction compressive strength.
In Figure 8 , the predicted PVC foam in-plane (1-2 plane) compressive strength is shown for different density foams. Two foam cell rise ratios (1.25 and 1.35) are The validity of equation (2) to predict closed-cell PVC foam in-plane compressive strength is demonstrated below through comparison of compressive strength predictions with in-house test results on the PVC foams of various densities and foam cell rise ratios (Table 2) . For the foams shown in the Table 2 , overall good agreement is observed between the strength predictions (with ¼ 6) and the test results. Despite the good agreement obtained for the foams in Table 2 , the relative validity of equation (2) for predicting the in-plane compressive strength of other density PVC foams may need further experimental evaluation.
In using equations (1) and (2) to 8, the values of E 11 , E 33 , G 12 and G 23 are calculated using equations (3) to (7) . Therefore, accuracy of the predicted PVC foam stiffnesses, for inputs into equations (1) and (2), must be established. In Appendix 2, a brief discussion is given to elucidate the validity of equations (3) to (7) Tensile strength prediction for closed-cell PVC foams
In an earlier study 6 to derive stiffness predictive equations for closed-cell PVC foams, a unit cell representation of the foam microstructure (Figure 4 ) is used to account for the overall effect of foam microstructure and cell-shape anisotropy on the transversely isotropic stiffness of PVC foams. Assuming failure of closed-cell PVC foams under tension is governed by tensile strength of representative volume elements in the foam, the unit cell representation of PVC foam microstructure (Figure 4 ) is also used here to determine tensile strength of closed-cell PVC foams. The validity of the approach for foam tensile strength prediction is shown later in the paper through comparing the strength predictions with in-house test results and also with the test data reported by PVC foam manufacturers.
With the unit cell model, a strength-of-material approach is taken to obtain the governing equations for predicting in-plane and out-of-plane tensile strengths of PVC foams. Figure 9 shows, for example, 
Expressing volume fraction (C ¼ f / m ) of the foammatrix polymer in terms of dimensions and wall thickness of the unit cell (Figure 4 ), one can show
With equations (8) and (9), the foam tensile strength in the rise direction can be determined as
where t in equation (10) is the ratio of the volume of foam-matrix polymer in the walls (or faces) of the representative unit cell that that are parallel to the 3-direction to the total volume of foam-matrix polymer in the unit cell. For light-weight PVC foams, an approximate expression for t in terms of foam cell rise ratio () is given as
To obtain an accurate t , the expression given in Appendix 1 should be used.
Following the same procedure as that in deriving S þ 33 (equation (10)), the foam in-plane tensile strengths, S þ 11 and S þ 22 , are obtained as
where m in equation (12) is defined in equation (7) and also given in Appendix 1.
Effect of foam processing on closed-cell PVC foam tensile strength
The expressions for PVC foam tensile strengths, given in equations (10) and (12), do not take into account of the effect of stretching of foam cell walls (in the rise direction) on the strength of the foam-matrix base polymer. It is well known that stretching a polymeric film would induce preferential orientation of polymeric molecules and could lead to directionally-dependent film properties. [20] [21] [22] [23] The strength of a stretched film could increase in the stretch direction and decrease in the transverse direction. Regarding the cell walls of PVC foams as stretched thin films, cell-shape anisotropy (or stretching of the cell walls in the foam rise direction) would, therefore, enhance the strength of the foam-matrix base polymer in the foam. Hence, in using equation (10) to predict the PVC foam strength in the rise direction (3-direction), the ultimate tensile strength of the PVC foam-matrix base polymer, mu , needs to increase to mu . Similarly, in using equation (12) to predict foam in-plane tensile strength, the ultimate tensile strength of the PVC foam-matrix base polymer, mu , needs to decrease to mu =. Here and are processing-affected strength parameters with values ! 1.0. Incorporating the modifications to equations (10) and (12), the following equations for prediction of tensile strengths of closedcell PVC foams are obtained
In general, the values of and may be different and depend on foam processing conditions. Their exact values are affected by the foam cell rise ratio and require experimental determination. Alternatively, they may be estimated through correlating the predicted foam tensile strengths with available PVC foam test results. In this paper, is assumed to be equal to the foam cell rise ratio () and is assumed to be one. The validity of the assumed values of and , for the different density foams considered in the study, will be demonstrated by comparing the predicted foam tensile strengths with test results on PVC foams. For the PVC foams with densities outside the range considered in this paper, other values of and might need to be considered.
Comparison of tensile strength predictions with test results on PVC foams
The in-plane and out-of-plane tensile strengths of DIAB H80 foam, obtained from a systematic in-house test program, 8 are used to validate the aforementioned foam tensile strength theory. In Table 3 , the Besides the H80 foam, comparisons are also made on the tensile strength predictions with the test results for different density PVC foams reported by two closed-cell PVC foam manufacturers. 1, 17 In Figure 10 , the predicted tensile strengths (in the foam rise direction) of different density PVC foams are compared with the test results reported by DIAB. 1 Note that the ¼ 1.25 foam cell rise ratio, used for the strength predictions in Figure 10 , is consistent with the in-house measured foam cell rise ratio of 1.27 of the H80 foam. Overall, good agreement is obtained between the predicted tensile strengths and manufacturer's data for foams with a wide range density.
The effect of foam cell rise ratio on predicted foam rise-direction tensile strength is illustrated in Figure 11 for the case of equals to 1.35 . Comparing the results shown in Figures 10 and 11 , a higher foam cell rise ratio is seen to lead to a higher predicted rise-direction tensile strength.
In Figure 12 , the predicted foam in-plane tensile strengths of different density PVC foams are compared Figure 11 . Comparison between predicted foam rise-direction tensile strengths (for equals to 1.35) and test data. with the foam in-plane tensile strengths reported by Airex. 17 Good agreement is obtained between the predictions and the manufacturer test results. Two different foam cell rise ratios (1.25 and 1.35) are used in Figure 12 to investigate the effect of on in-plane tensile strength of different density foams. It is interesting to note that the foam cell rise ratio does not seem to affect the predicted foam in-plane tensile strengths.
It was mentioned earlier that the values of the tensile strength parameters ( and ) are dependent on foam processing conditions. Their exact values are affected by the foam cell rise ratio and require experimental determination. In this paper, the values of and are assumed to remain unchanged for the entire range of foam densities studied, though their exact values might vary with foam density. Better correlation between the predicted foam tensile strengths and the available test results may require that the values of and be related to foam density, especially for the higher density foams.
Shear strength prediction for closed-cell PVC foams
Foam in-plane and out-of-plane shear strengths are derived in a manner similar to that for the foam tensile strength. However, based on observed foam shear stress-strain behavior, an additional assumption is made in deriving the expressions for the foam shear strengths. Figure 13 shows, for example, typical stress-strain behavior of the H80 foam under transverse and in-plane shear loads. 8 Microscopic cell damage and failure (i.e. changes in foam cell shape and orientation, cell realignment, and micro-cracks in foam cell walls), observed over the entire cross-section of the foam test specimen (Figure 14) , contribute to the large foam shear deformation. 8 The pseudo ''plasticity'' of the foam shear stressstrain behavior suggests that in equation (15) the ultimate shear strength of the foam-matrix base polymer ð um Þ may be approximated by mu = ffiffi ffi 3 p . Due to the complex foam microstructure, this assumption does not consider the effect of hydrostatic stress on the ultimate shear strength of the foam-matrix base polymer. The resulting expression for the foam in-plane shear strength (S 12 ) may be then expressed as
where s is the in-plane shear strength parameter associated with foam processing, similar to in equation (14) . In determining the foam transverse shear strength using the same unit cell approach, different expressions are obtained for S 13 and S 31 . Assuming the foam transverse shear strengths S 13 and S 31 are identical, one may express the foam transverse shear strength as
where s is the transverse shear strength parameter associated with foam processing. Equation ( The exact values of s and s will require experimental determination and are expected to depend on the foam cell rise ratio. They may, however, be estimated by correlating the predicted foam shear strengths with PVC foam test results. In this paper, s is assumed to be one and s equal to the foam cell rise ratio (). The validity of the s and s values, for the different density PVC foams considered, will be demonstrated by comparing the predicted foam shear strengths with test results on PVC foams.
Comparison of shear strength predictions with test results on PVC foams
The in-plane and transverse shear strengths of DIAB H80 foam, obtained from a systematic in-house test program, 8 are used to validate the aforementioned foam shear strength theory. In Table 4 , the predicted shear strengths of DIAB H80 foam are compared with the in-house test results 8 and the published test data from the foam manufacturer.
1 Good agreements are obtained between the predicted foam shear strengths and the H80 foam test results.
In Figure 15 , the predicted transverse shear strengths (lower and upper bound shear strengths) of different density PVC foams are compared with the test results reported by two PVC foam manufacturers. 1, 17 Two different foam cell rise ratios () of 1.25 and 1.35 are used to correlate with the test results. Overall, good agreements are observed between the predicted foam transverse shear strengths and the test results shown in Figure 15 . The predicted lower-bound shear strengths seem to correlate well with the test results of the low density foams while the predicted upper-bound shear strengths seem to correlate better with the test results of the high density foams. If the average value of the predicted upper and lower bound shear strengths is used to represent the transverse shear strength of PVC foams, good correlation (Figure 16 ) between the strength predictions and the test results can be obtained for the wide range of foam density studied in this paper. As in the case of foam in-plane tensile strength, the foam cell rise ratio does not seem to have significant effect on the predicted foam transverse shear strength.
In Figures 15 and 16 Figure 17 . The results in Figure 17 show that higher foam cell rise ratio leads to lower in-plane shear strength of PVC foams. Since inplane shear strength data of closed-cell PVC foams are not reported by foam manufacturers, only the in-house test result on H80 foam (with foam cell rise ratio of 1.27) is shown in the figure for comparison.
The validity of equation (15) to predict closed-cell PVC foam in-plane shear strength is further demonstrated through comparison of shear strength predictions with in-house test results obtained for several PVC foams with different densities and foam cell rise ratios (Table 5 ). Overall, good agreement is observed between the predictions and the test results. For foams with density other than those shown in the table, the validity of equation (15) for foam in-plane shear strength prediction may still need to be established.
Effects of foam density and foam cell rise ratio on predicted PVC foam strengths
The effect of foam density on predicted closed-cell PVC foam strengths in different loading modes is shown in Figure 18 . For foams with the same foam cell rise ratio, the predicted foam strengths exhibit a slightly nonlinear relationship with the foam density, especially in high density foams. To illustrate the effect of foam cell rise ratio on the PVC foam strengths along different directions, the predicted strengths of an 80 kg/m 3 PVC foam are shown in Figure 19 for a wide range of assumed foam cell rise ratio. In general, the strength of PVC foams in the rise direction increases with the foam cell rise ratio while the in-plane strength decreases with the foam cell rise ratio. In the case of a foam cell rise ratio equal to one (1.0), the predicted foam strength becomes directionally independent, since there is no foam cell-shape anisotropy.
Summary and conclusions
This paper describes an analytical effort to predict mechanical strength of closed-cell PVC foams under static loading. The study presented here advances an earlier work 6 on modeling elastic stiffness of closedcell PVC foams. Closed-cell PVC foams are modeled as effective transversely isotropic materials with strength in the foam rise direction different from that in the planar (plane of isotropy) direction. An engineering approach is used in the study and governing equations are developed for predicting failure strengths of PVC foams. In addition to the foam-matrix base polymer properties, only two material parameters (foam density and foam cell rise ratio) are needed for the strength prediction of closed-cell PVC foams.
Compressive strengths (in-plane and transverse outof-plane) of closed-cell PVC foams are predicted based on an approximate theory developed in an earlier study 16 of compressive strength of unidirectional composites. For tensile and shear strengths of PVC foams, a unit cell representation is employed to account for the effect of foam microstructure and cell-shape anisotropy on the transversely isotropic characteristics of the foam. The effect of processing (i.e. stretching of foam cell walls in the rise direction) on foam strengths is accounted for with the introduction of material strength parameters of the foam-matrix base polymer.
The validity of the approximate theories and associated equations derived in the paper for predicting tensile, compressive and shear strengths along different principal material axes of closed-cell PVC foams is first demonstrated through the good agreement between the predictions and the experimental results obtained in a systematic in-house test program on DIAB PVC foams. Good agreements are also obtained between the strength predictions and the test data (for various density PVC foams) published by two PVC foam manufacturers. It is important to point out that, despite the good agreements obtained in the study, application of the strength prediction equations for PVC foams with densities outside the range studied in the paper would require experimental determination and validation of the values of the strength parameters in the foam strength prediction equations.
For light-weight density foams, the predicted strength of closed-cell PVC foams increases linearly with foam density. Over an extended range of foam density, the predicted foam strength exhibits a slightly non-linear relationship with the foam density. In general, the PVC foam strength prediction in the rise direction increases with foam cell rise ratio while the in-plane strength decreases with the foam cell rise ratio. In the case of a foam cell rise ratio equal to one (1.0), the predicted foam strengths become directionally independent, since there is no foam cell-shape anisotropy. 
